The Annals of Probability 
2008, Vol. 36, No. 5, 1880-1903 
DOI: 10.1214/07-AOP380 

© Institute of Mathematical Statistics, 2008 
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One of the most well-known classical results for site percolation 
on the square lattice is the equation pc+ pi — 1. In words, this equa- 
tion means that for all values 7^ pc of the parameter p, the following 
holds: either a.s. there is an infinite open cluster or a.s. there is an 
infinite closed "star" cluster. This result is closely related to the per- 
colation transition being sharp: below Pc, the size of the open cluster 
of a given vertex is not only (a.s.) finite, but has a distribution with 
an exponential tail. The analog of this result has been proven by 
Higuchi in 1993 for two-dimensional Ising percolation (at fixed in- 
verse temperature /? < /3c) with external field h, the parameter of the 
model. 

Using sharp-threshold results (approximate zero-one laws) and a 
modification of an RSW-like result by BoUobas and Riordan, we show 
that these results hold for a large class of percolation models where 
the vertex values can be "nicely" represented (in a sense which will 
be defined precisely) by i.i.d. random variables. We point out that 
the ordinary percolation model obviously belongs to this class and 
we also show that the Ising model mentioned above belongs to it. 

1. Introduction. A landmark in the development of percolation tiieory 
is the proof by Kesten in 1980 ([18]) that the critical probability for bond 
percolation on the square lattice equals 1/2. A key argument in his proof 
is what would now be called a "sharp-threshold result:" he showed that if 
n is large and the probability of having an open horizontal crossing of an 
n X n box is neither close to 0, nor close to 1, then there is a reasonable 
probability to have many (in fact, at least of order log re) so-called pivotal 
edges (or cut edges). [These are edges e with the property that changing 
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the state (open/closed) of e changes the occurrence or nonoccurrence of an 
open horizontal crossing.] 

The proof of this intermediate key result has a combinatorial-geometric 
flavor: it involves a "counting argument" with conditioning on the lowest 
open crossing (and the leftmost closed dual crossing of the area above the 
open crossing just mentioned). This result, in turn, implies that the deriva- 
tive (w.r.t. the parameter p) of the crossing probability is very large (also 
at least of order logn) if n is very large. Since probabilities are at most 1, 
it is impossible to have such behavior for all p throughout some interval of 
nonzero length. On the other hand, other arguments show that the above 
mentioned crossing probability is bounded away from and 1, uniformly in 
n and p G (1/2, pc)- Hence pc must be equal to 1/2. [It was already known 
([14]) that Pc>l/2.] 

Soon after Kesten's result, it was shown ([28] and [32]) that his arguments 
can also be used to prove related long-standing conjectures, in particular, 
that Pc + Pc = ^ for site percolation on the square lattice. Here, p* denotes 
the critical probability for the so-called matching lattice (or star lattice) of 
the square lattice — this is the lattice with the same vertices as the square 
lattice, but where each vertex {x,y) has not only edges to its four horizontal 
or vertical "neighbors" {{x', y'):\x — x'\ + \y — y'\ = l}, but also to the nearest 
vertices in the diagonal directions, {{x',y') : \x — x'\ = \y — y'\ = 1}. 

Russo [29] was the first to put the aforementioned "sharp-threshold" argu- 
ment of Kesten in a more general framework by formulating an approximate 
zero-one law. This approximate zero-one law is not itself a percolation result. 
It is, as the name indicates, a "finite" approximation of Kolmogorov's zero- 
one law. Recall that the latter says (somewhat informally) that if Xi , X2 , ■ ■ ■ 
are i.i.d. Bernoulli random variables (say, with parameter p) and A is an 
event with the property that the occurrence or nonoccurrence of A cannot 
be changed by changing a single Xi, then A has probability or 1. Russo's 
approximate law says that if A is an increasing event with the property that 
for each i and p, the probability that changing the state of Xi disturbs the 
occurrence or nonoccurrence of A is very small, then for all p, except on a 
very small interval, the probability of A is close to or close to 1. 

Given this approximate zero-one law, the combinatorial-geometric argu- 
ment in Kesten's work discussed above [to get a lower bound for the (ex- 
pected) number of pivotal items] can be (and was, in Russo's paper) replaced 
by the considerably simpler (and "smoother" ) argument that the probability 
that a given edge (or, for site percolation, site) is pivotal is small when n is 
large. 

It should be noted that for the other, more standard, part of the proof, 
the approximate zero-one law does not help: a "separate" argument of the 
form that if the probability of an open crossing of a square is sufficiently 
large, then there is an infinite open cluster is needed. For this argument. 
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which is often called a "finite-size criterion," the RSW theorem ([27] and 
[30]; see also [13], Chapter 11) is essential. Informally, this theorem gives 
a suitable lower bound for the probability of having an open crossing (in 
the "long" direction) of a 2n x n rectangle, in terms of the probability of 
having a crossing of an n x n square. The classical proof uses conditioning on 
the lowest crossing. For ordinary Bernoulli percolation, this works fine, but, 
as remarked earlier, in dependent models, such conditioning often leads to 
very serious, if not unsolvable, problems. An important recent achievement 
in this respect is a "box-crossing" theorem obtained in [8], the proof of which 
is much more robust than that of the "classical" RSW result and does not 
use such conditioning. We will come back to this later. 

Refinements, generalizations and independent results with partly the same 
flavor as Russo's approximate zero-one law have been obtained and/or ap- 
plied by Kahn, Kalai and Linial [17], Talagrand [31], Friedgut and Kalai [10], 
Bollobas and Riordan (see, e.g., [7]), Graham and Grimmett [12], Rossignol 
[25] and others, and have become known as "sharp-threshold results." 

Although such results take Kesten's key argument in a more general con- 
text, involving "less geometry," Kesten's proof is still essentially the short- 
est and, from a probabilistic point of view, intuitively the most appealing, 
self-contained proof of pc = 1/2 for bond percolation on the square lattice: 
none of the aforementioned general sharp-threshold theorems has a short 
or probabilistically intuitive proof. Moreover, the combinatorial- geometric 
ideas and techniques in Kesten's proof have turned out to be very fruitful 
in other situations, for instance, in the proof of one of the main results in 
Kesten's paper on scaling relations for two-dimensional percolation ([20]). 

On the other hand, there are examples of percolation models where Kesten's 
argument is difficult and cumbersome to carry out, or where it is even not 
(yet) known how to do this. An example of the latter is the Voronoi percola- 
tion model, for which Bollobas and Riordan ([8]; see also [9]) proved (using 
a sharp-threshold result from [10]) that it has critical probability 1/2. This 
had been conjectured for a long time, but carrying out Kesten's strategy for 
that model led to (thus far) unsolved problems. 

An example of the former is percolation of + spins in the two-dimensional 
Ising model with fixed inverse temperature [3 < (3c and external field param- 
eter h (which plays the role of p in "ordinary" percolation). Higuchi ([15] 
and [16]) showed that for all values of h, except the critical value either 
(a.s.) there is an infinite cluster of vertices with spin + or (a.s) there is an 
infinite * cluster (i.e., a cluster in the * lattice) of vertices with spin — . 
(The result is stated in [16], but much of the work needed in the proof is 
done in [15].) Higuchi followed the scheme of Kesten's arguments. However, 
to carry them out (in particular the "counting under conditioning on the 
lowest crossing," etc.), he had to overcome several new technical difficulties 
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due to the dependencies in this model. This makes the proof far from easy 
to read. 

Remark. It should be mentioned here that there is also a very differ- 
ent proof of pc = 1 /2 for bond percolation on 1? (and Pc + P* = 1 for site 
percolation), namely, by using the work of Menshikov [23] and of Aizenman 
and Barsky [1]. They gave a more "direct" (not meaning "short" or "sim- 
ple") proof, without using the results or arguments indicated above, that 
for every d > 1, the cluster radius distribution for independent percolation 
on Z*^ with p < pc has an exponential tail. However, their proofs use (and 
need) the BK inequality ([5]) and since our interest is mainly in dependent 
percolation models (for which no suitable analog of this inequality seems to 
be available), these proof methods will not be discussed in more detail here. 

In the current paper, we present a theorem (Theorem 2.2) which says 
that the analog of pc + p^ = 1 holds for a large class of weakly dependent 
two-dimensional percolation models. Roughly speaking, this class consists of 
systems that have a proper, monotone, "finitary" representation in terms of 
i.i.d. random variables. From the precise definitions, it will be immediately 
clear that it contains the ordinary (Bernoulli) percolation models. We give 
(using results obtained in the early 1990s by Martinelli and Olivieri [22] 
and modifications of results in [6] which were partly inspired by [24]) a 
"construction" of the earlier mentioned two-dimensional Ising model which 
shows that this model also belongs to this class. 

We hope that our results improve insight into the Ising percolation model 
and will help to show that many other (not yet analyzed) weakly dependent 
percolation models also belong to the aforementioned class. 

The theorem is based on: 

(a) One of the sharp-threshold results mentioned above, namely Corollar- 
ies 1.2 and 1.3 in [31] (and a recent generalization in [26]), which are close in 
spirit to, but quantitatively more explicit than, Russo's approximate zero- 
one law. The reason for using these sharp-threshold results rather than those 
in [10] (which, as stated above, were applied to percolation problems by Bol- 
lobas and Riordan) is that the latter assume certain symmetry properties 
on the events to which they are applied. In many situations, this causes no 
essential difficulties, but it gives much more flexibility to allow an absence 
of such symmetries (see the remark following property (iv) near the end of 
Section 2.1). 

(b) A modification/improvement (obtained in [4]) of an RSW-like box- 
crossing theorem of BoUobas and Riordan [8]. As indicated in the short 
discussion of Russo's paper above, some form of RSW theorem seems un- 
avoidable. For many dependent percolation models, it is very hard (or maybe 
impossible) to carry out the original proof of RSW. The Bollobas-Riordan 
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form of RSW (and its modification in [4]) is weaker (but still strong enough) 
and much more robust with respect to spatial dependencies. 

In Section 2, we introduce some terminology and state Theorem 2.2, which 
says that a large class of two-dimensional percolation models satisfies an 
analog oi + p* = 1- We also state some consequences/examples of the 
theorem. In particular, we show that the Ising percolation model studied by 
Higuchi satisfies the conditions of Theorem 2.2 so that his result mentioned 
above can be alternatively derived from our theorem. 

In Section 3, we state preliminaries needed in the proof of Theorem 2.2: 
Talagrand's result mentioned above and an extension of his result to the 
case where the underlying random variables can take more than two dif- 
ferent values, and where the events under consideration do not necessarily 
depend on only finitely many of these underlying variables. In that section, 
we also explain that the earlier mentioned (modification of the) RSW-result 
of Bollobas and Riordan applies to our class of percolation models and we 
prove other properties that are used in the proof of Theorem 2.2. 

In Section 4, we finally prove Theorem 2.2, using the ingredients explained 
in Section 3. 

Apart from the proofs of the RSW-like theorem and of Talagrand's sharp- 
threshold result mentioned above, the proof of Theorem 2.2 is practically 
self-contained. 

2. Statement of the main theorem and some corollaries. 

2.1. Terminology and set-up. In this subsection, we will describe the 
(dependent) percolation models on the square lattice for which our main 
result, a generalization of the well-known pc+p^ = 1 for ordinary percolation, 
holds. 

Throughout this paper, we use the norm 

||f II := |fi| + \v2\, 

where v = (^1,^2) £ 

Let k he a, positive integer and let IJ,^^\ /i € M, be a family of probability 
measures on {0, 1, . . . , A;}, indexed by the parameter h, with the following 
two properties: 

(a) for each l<j<k, fj,^^\{j,...,k}) is a continuously differentiable, 
strictly increasing function of h; 

(b) lim/,_.oo/i('^HA:) =lim^__oo/i('^H0) = 1- 

Let / be a countable set. Before we go on, we need some notation and 
a definition. We use "CC" to indicate "finite subset of." The special ele- 
ments (0,0,0,...) and {k,k,k, . . .) of {0,...,fc}^ are denoted by and k, 
respectively. 
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Let / : {0, . . . , ky ^ M be a function. Let V CCl and let y G {0, . . . , k}^ . 
For X € {0,... ,k}^ , we write xy for the "tuple" {xi,i G V). We say that y 
determines (the value of) / if f{x) = f{x') for all x,x' with xy = x'y = y. 

Let Xi, i I, be independent random variables, each with distribution 
Let pC") denote the joint distribution of the X^'s. The X^'s wiU be 
the "underlying" i.i.d. random variables for our percolation system. We will 
assume that the "actual spin variables," which take values +1 ("open") and 
— 1 ("closed") and which will be denoted hy av,v below, are "suitably 
described" in terms of the underlying X variables: for each v ^iP' , its spin 
variable a^, is a function of the {Xi ,i £ I). These functions do not themselves 
depend on h, but changing h will change the distribution of the X variables 
and thus that of the a variables. More precisely, we assume that ay,v £l? , 
are random variables with the following properties: 

(i) {Monotonicity.) For each w, a"„ is a measurable, increasing, { — 1, +1}- 
valued function of the collection (Xj,i G /) and, moreover, for each v £l?, 
£7^(0) = —1 and cr.u(k) = +1; 

(ii) {Finitary representation.) There exist Co > and 7 > such that for 
each V £7?, there is a sequence ii{v),i2iv), ... of elements of / such that for 
all positive integers m and all /i G M, 

P^''H{Xii(v),- ■ -^^imiv)) does not determine a^) < 

(iii) {Mixing). 

3a > Vv, w g7? Vm < allv — wll, 

(1) 

{ll{v), . . .,lm{v)} n {ll{w), . . .,lm.{w)} = 0; 

(iv) for each h, the distribution of {(Ty,v G Z^) is translation invariant and 
invariant under rotations by 90 degrees, and under vertical and horizontal 
axis reflection. 

Remark. Note that in property (iv), we do not require that we can 
identify I with 7? in such a way that there is a stationary mapping (i.e., a 
mapping which commutes with shifts) from the process {Xi,i G Z^) to the 
process ((T„,uGZ2). In many cases, there will be such identification, but we 
found its requirement unnecessarily strong for our purposes (see, e.g., the 
example of the Ising model below, where the mapping under consideration 
is not of this form) . A consequence of the absence of this requirement is an 
absence of certain symmetries needed to apply the sharp-threshold results 
in, for example, [10]. This is the main reason for using the results in [31]. 

Definition 2.1. If a random field {ay,v G I?) has the properties (i)- 
(iv) above, we say that the process has a nice, finitary representation (in 
terms of the X process and with parameter /i G M). 
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2.2. Statement of the main theorem and some special cases. Now we 
consider percolation in terms of the a variables: we interpret ay = +1 (resp. 
— 1) as the vertex v being open (resp. closed) and are interested in (among 
other things) the existence of infinite paths on which every vertex is open. 
As usual, in our notion of "ordinary" paths, we allow only horizontal and 
vertical steps and we use the term "star paths" when, in addition to these 
steps diagonal steps are also allowed. Similarly (and, again, following the 
usual conventions), we define "ordinary" clusters as well as star clusters. 
When we speak simply of a "cluster," we will always mean an "ordinary" 
cluster. 

The + cluster of a vertex v will be denoted by C^; the — * cluster of v 
(i.e., the — cluster of v in the star lattice) will be denoted by C~*, etc. If 
V = [the vertex (0,0)], we will often omit the subscript v. 

Recall that P^^^ denotes the probability distribution of the collection 
{Xi,i £ I). We will also use it for the probability measure on {—1,+!}^ 
induced by the map from the X variables to the a variables. Since the 
context in which it is used will always be clear, this should not cause any 
confusion. 

Theorem 2.2. Let {ay,v ^1? ) be a spin system with a nice, finitary 
representation, with parameter /i € M (in the sense of Definition 2.1). 
Then there is a critical value he of h such that: 

(a) V/i > /icP'^'*^(|C"*'| = oo) > and the distribution of \C^*\ has an ex- 
ponential tail; 

(b) V/i < hcP'^^\\C~*\ = oo) > and the distribution of jC'^j has an ex- 
ponential tail. 

Remark. Note that it follows from the statement of the theorem that 
he satisfies 



Also, note that if reversal of h corresponds with a spin-flip [more precisely. 



2.2.1. Special cases. 

Bernoulli site percolation on the square lattice, with parameter p. This 
model, where the vertices are open (+1) with probability p and closed (— 1) 
with probability 1 — p trivially satisfies the conditions of Theorem 2.2: sim- 
ply take I = 1? , k = \ (i.e., the Xj's take values and 1) and = 2Xy — 1, 



hc = mi{h:P^^\\C+ 



oo) >0} = sup{/i:P('')(|C-* 



cx)) >0}. 
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V . Finally, take, for instance, [note that we want to go 1 (resp. 

0) as /i ^ oo (— oo)] 

exp(/i) + exp(— /i) 

Taking p = completes the "translation." It is easy to see that 

reversing h corresponds with a spin-flip, so (2) holds, which is equivalent to 
the well-known 

Pc+P*c = 1 

for this model. 

Models defined explicitly in terms ofi.i.d. random variables. In the previous 
example, the representation in terms of i.i.d. random variables was explicit 
and trivial. It is easy to find many other examples with explicit (but less 
trivial) representations. For instance, take I = J? and let the X variables 
be i.i.d. Bernoulli with parameter p. Define, for each u G Z^, as follows. 
Consider, for each n, the difference between the number of I's and the 
number of O's in the 2n x 2n square centered at v. Take the smallest n where 
this difference has absolute value larger than some constant, say 5. Define cr„ 
as the sign of the aforementioned difference (number of I's minus number of 
O's) for that n. It is easy to check that this definition corresponds to a nice, 
finitary representation, in the sense of Definition 2.1. More interesting (in the 
context of the subject of this paper) are those weakly dependent models that 
are not a priori explicitly defined in terms of such a representation. One can 
then search for a possible "hidden" representation. A major example where 
this works is the following. 

Ising model with (fixed) inverse temperature (3 < f3c and external field param- 
eter h . We first recall some definitions and standard results for these mod- 
els. Ising measures fif^^h on {— 1,+1}^ , with inverse temperature (3 G [O,cxo) 
and external field h € (— 00,00), are probability measures that satisfy, for 
r] £ {0,1} and u eZ^, 

(3) 



exjp{f5r]{h + Y.wr^v (^w)) + exp(-/3r/(/i + Y.w^v ^^w)) ' 

where w ^ v means that \\v — w\\ = 1. 

It is well known that there is a critical value /3c such that for P < (3c, there 
is a unique measure satisfying (3), while for (3 > (3c, there is more than one 
such measure. 

The Ising model is one of the most well-known examples of a Markov 
random field: the conditional distribution of the spin value of a vertex v. 
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given the spin values of all other vertices, depends only on the spin values 
of the neighbors of v. 

The "single-site" conditional distributions in (3) will often be used in 
the remainder of this subsection and will be denoted by q^. More precisely, 
for f G Z^, let dv denote the set of (four) vertices that are neighbors of v. 
Further, for a € {— 1,+1}^ and V CC 1? , let ay denote the "restriction" 
of a to V] that is, ay = {oiw,w G V). For a € { — 1, +1}^'^ and rj G { — 1, +1}, 
we define = /?, h) as the conditional probability that equals rj, 

given that crg^ equals a: 

Oiw)) 

" ' exp(/?r/(/i + ^^_„a^)) + exp(-/3r/(/i + ^^_^a^))' 

Note that the dependence on the "neighbor configuration" a is only through 
the number of + (and hence of — ) spins in a. Therefore, it is also convenient 
to define, for m = 0, . . . , 4, 

(5) qi"'\rj)=q:{v), 

where a may be any element of {—1,+!}^^ with the property that the 
number w ^ v with = +1 equals m. 

The following result is well known and goes back to [2] and [21]. Higuchi 
[15] proved and used a stronger result, but the weaker version below is 
sufficient for our purposes. 

Theorem 2.3. There exist Ci > and Ai > (which depend on [3, hut 
not on h) such that 

fJ-l3,h{^0 = +1 I (^dA(n) = +1) - ^/3,fe(o"0 = +1 I (^dA(n) = "1) 

(6) 

< Ci exp(— Ai?i). 

Here, A(n) denotes the set of vertices [— n,n]^ and dK{n) the boundary of 
this set. 

Martinelli and Olivieri (Theorem 3.1 in [22]) have proven, for a large class 
of spin systems, that such a spatial mixing property implies exponential 
convergence (to equilibrium) for certain dynamics. For the Ising model, this 
dynamics is as follows. First, we define the notion local update. Let a G 
{— 1,+1}^^ and V € T?. By a local update of the spin value of v (in the 
configuration a), we mean that we draw a new value, say r/, according to 
the distribution g"^^'(-) and leave a unchanged everywhere, except at v, 
where we replace by r/. The dynamics can now be described as follows. 
Start from some initial configuration. Each vertex is activated at rate 1. 
When a vertex is activated, a local update at that vertex is made. The 
Martinelli-Olivieri result (for the special case of the Ising model) says that 
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the distribution at time t, starting from any initial configuration, converges 
exponentially fast (uniformly in h) to H/s^h - In particular, the probability that 
has spin value +1 at time t converges exponentially fast (and uniformly 
in h and in the initial configuration) to ^p^h{(^o = +!)• 

As observed in [6], this also holds for certain discrete-time versions of 
the dynamics. The discrete-time dynamics in [6] involves auxiliary random 
variables, in terms of which the dynamics is not monotone. For the purposes 
of [6], that did not matter, but this dynamics is not suitable for our current 
purpose — to "construct" the Ising measure in such a way that it fits with 
Definition 2.1. The following dynamics is suitable for our purposes and the 
Martinelli-Olivieri proof (with straightforward modifications) works for this 
dynamics as well. In this discrete-time dynamics, we update all even vertices 
at the even times and all odd vertices at the odd times. [A vertex is even 
(resp. odd) if the sum of its coordinates is even (resp. odd).] Note that these 
"parallel" updates are well defined since the update of an even (resp. odd) 
vertex only involves the "current" spin values of its neighbors, each of which 
is odd (resp. even). 

To describe the Ising model as a nice, finitary representation, in the sense 
of Definition 2.1, we describe these local updates as follows in terms of i.i.d. 
random variables li(t), i G Z^, i G N, which take values in {— 1, 0, . . . , 4}. Here 
(and further), cr^(t) denotes the spin value at vertex v at time t for the 
system starting at time with configuration uj. Sometimes, we will omit 
the superscript oo. At each even time t, we do the following, for each even 
vertex v: if the number of u) ~ u with (Jt{w) = — 1 is at most Y^[t), we set 
cr„(t + 1) := +1, otherwise we set av{t + 1) := —1. For odd t, we perform 
the analogous actions for all odd v. It is easy to see [recall (5)] that if we 
take the following distribution for the Y variables, these actions correspond 
exactly with the earlier defined notion of local updates: 



An advantage of using such auxiliary variables is that it enables the 
coupling of systems starting from different initial configurations. Define 
C7^(t) = (a"^(t), V € 7?) as the configuration at time t for the system that 
starts at time with configuration lo and follows the aforementioned dynam- 
ics (involving the Y variables). We will simply replace the superscript uj by 
+ when we start with the initial configuration where each vertex has value 
+1, and by — when we start with — values. As said before, the Martinelli- 
Olivieri result concerning exponential convergence to equilibrium extends to 
this dynamics. In terms of the above notation, this Martinelli-Olivieri result 
tells us that there are positive C2 and A2 (which depend on f3 but not on h) 
such that for all t, 



P{YS)>m)=q^o 



(4— m) 



(+l;/3,/i) 



< m < 4. 



(7) 



P(a+(t)^a-(t))<C2exp(-A2t). 
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Also, note that we can extend the cohection of Y variables to negative t 
and that for all integers s, t with s <t, and all configurations cjgI — 1,+1}^ , 
we can define a'^{s,t) = {a':^{s,t),v G 7?) as the configuration at time t for 
the system that starts at time s with configuration u and evolves as de- 
scribed above. Analogously as in [6] (which was partly inspired by the per- 
fect simulation ideas in [24]), we observe that if t < and cr^{t, 0) = CT~{t, 0), 
then (by obvious monotonicity) (tJ5'(s,0) = o"^ (s,0) for all s < t and all lo,u;' . 
Prom this observation, (7) and standard arguments, it follows that if we de- 
fine 

t{v) =max{t <0:cj+(i,0) =a~{t,0)}, v ^1? 

and 

(8) a{v)=at{T{v),^) (= a~{T(v),^)), v ^1? , 

then we have that a := {a{v),v € Z^) has the Ising distribution fip^h and 
that 

(9) P{T{v)>n)<C2exp{-X2n). 

This shows that the Ising distribution indeed has a nice, finitary represen- 
tation (in the sense of Definition 2.1). Take I = {{v,t):v £Z^,t eZ,t <0} 
and ^(t,,t) = Y^v{t), {v,t) € /. Then (i) is clear. To see (ii), note that for each 
t < 0, (T+ (i , 0) and a~ {t, 0) are completely determined by the variables Yw{s), 
t < s <0, Ww — v\\ < s. 

So, for the sequence ii{v),i2{v), . . . , we can take (f , —1), followed by an 
enumeration of the (finite) set {{w, —2) : w G Z^, ||tt; — "uH < 2}, followed by an 
enumeration of {{w, —3) :w € Z^, \\w — v\\ < 3}, etc. The upper bound in (ii) 
(in fact, even a stronger bound) for the probability that („),..., 
does not determine follows from (9) and the fact that the set {{w, s) : \\w — 
v\\ < \s\,t < s < 0} has of order \t\^ elements. Property (iii) is now also clear. 
Property (iv) is standard (and has nothing to do with the above description 
of the Ising model in terms of the Y variables: since /3 < /3c, there is a unique 
Ising measure with parameters (3, h and this measure inherits the symmetry 
properties in the definition of the model) . 

Hence, we may apply Theorem 2.2. Moreover, the spin-fiip symmetry 
mentioned in the remark preceding (2) is clearly satisfied. So, we get the 
following, which is the result by Higuchi mentioned earlier (see Theorem 1 
(and Corollary 2) in [16]). 

Theorem 2.4. Let (3 < f3c and consider the Ising measures fip^h; G 
on the square lattice. Statements (a) and (b) of Theorem 2.2 above (with 
pW = fii^ fi), as well as equation (2), hold for this model. 
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Remarks, (i) The sharp-threshold result in [12] may provide yet an- 
other route to prove this result for the Ising model. However, that sharp- 
threshold result is not suitable for the proof of our general Theorem 2.2 
because the random field ai^i (z1? in Theorem 2.2 does not necessarily sat- 
isfy the strong FKG condition needed in [12]. 

(ii) We hope that, like the Ising model, many other models which at first 
sight are not covered by Theorem 2.2 can be constructed or represented in 
such a way that this theorem does apply. However, we do not claim that this 
theorem gives a completely general recipe. For instance, attempts to bring 
the models treated in [3] (which have some of the flavor of the Ising model) 
into the context of this theorem have, thus far, not been successful. 

3. Preliminaries. 

3.1. Approximate zero-one laws. A key ingredient in our proof of Theo- 
rem 2.2 is a sharp-threshold result (or approximate zero-one law). As stated 
in Section 1, there are several such results in the literature. The one we use 
is Corollary 1.2 from Talagrand's paper [31], which is somewhat similar in 
spirit to Russo's approximate zero-one law ([29]), but more (quantitatively) 
explicit. 

These threshold results are, although particularly useful for percolation, 
of a much more general nature. Consider the set := {0,1}", which, for 
the moment, serves as our sample space. For w, cj' € fi, we say that lo <u)' 
(or, equivalently, oj' > uj) if uji < for all 1 < i < n. Following the standard 
terminology, we say that an event (subset of Q) is increasing if for each uj (z A 
and each oj' > oj, we have lo' € A. For a; G 17 and 1 <i < n, we define w'^'^ 

(i) 

as the configuration obtained from to by fiipping Wj. More precisely, is 
equal to LOj for j i, and 1 — if j = 

Let A be an increasing event, a; G and 1 <i <n. We say that i is an 
internal pivotal index (for A, in the configuration a;) if a; G A, but u;^*^ ^ A. 
It is easy to see from the fact that A is increasing that this implies that 

LVi = 1. 

By Ai, we denote the event that i is an internal pivotal for A; that is, 
Ai = {uj:ujeA but w^*^ ^ A}. 

Let, for p G (0,1), ¥p be the product measure with parameter p. Tala- 
grand's result to which we referred above is the following. 

Theorem 3.1 ([31], Corollary 1.2). There is a universal constant Ki 
such that for all n, all increasing events A C {0, 1}" and all p, 




log(l/g) 



■¥,{A){l-¥p{A)) 
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Remark. In fact, Corollary 1.2 in [31] is somewhat sharper, namely 
with Ki above replaced by Kp{l — p) log[(2/(p(l — p))], where K is also a 
universal constant. Since p(l — p) log[(2/(p(l — p))] is bounded from above, 
Theorem 3.1 above follows immediately. 

Let pi <P2- Noting (as in Section 3 of [31]) that (10) is equivalent to 

d.f ^p{A) W log(l/g) 
dp ^\l-Fp{A)J- Ki 

and integrating this inequality over the interval {pi,P2) gives the following. 

Corollary 3.2 ([31], Corollary 1.3). There is a universal constant Ki 
such that for all n, all increasing events A C {0, 1}" and all pi < p2, 

(11) Pp,(^)(l -Pp,(A)) < (£')(P2-pi)//fl^ 

where 

(12) e'= sup maxPp(Ai). 

pi<p<P2 

Remark. In the definition of e' in the statement of Corollary 1.3 in [31], 
the supremum involving p is over the interval [0, 1] instead of [pi,P2]) but it 
is clear that the result with e' defined as in (12) holds. 

We want to apply similar results to the family of distributions P'^^\h € M, 
in the statement of Theorem 2.2. Recall that P^^^ is the product over / of 
the distribution of /i^'^^ and that the latter is a probability distribution on 
{0, . . . , k}. First, we must "generalize" some of our definitions. 

The notion of increasing event is extended in the obvious way. The ex- 
tension of the notion of being pivotal is somewhat less obvious. Let A C 
{0, 1, . . . , kY be an increasing event. We say that index i E / is an internal 
pivotal index (in a configuration w G {0, . . . , kY and for a given increasing 
event A) if € A, but lij^*-' ^ A, where, now, w^*) is defined as the configu- 
ration a;' which has uj'^ = loj for all j ^i and (j^ = 0. (It follows immediately 
from the definition that if i is pivotal, then uii > 0.) 

We cannot immediately use Corollary 3.2 because of the following two 
issues: one is that k may be larger than 1, the other is that / is not finite, but 
countably infinite. As to the first issue, an extension of Corollary 3.2 to A; > 1 
can be obtained by suitably "coding" {0, 1, . . . , fc}-valued random variables 
in terms of 0-1 valued random variables. As to the second issue, that can 
be overcome by restricting to a suitable subclass of increasing events (which 
turns out to be sufficient, but is not very satisfactory). The strategy followed 
by Rossignol (see [26]) is considerably more powerful. Roughly speaking. 
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he extends Theorem 1.5 in [31] (which is a "functional" generahzation of 
Theorem 1.1 in [31], of which Theorem 3.1 above is an easy consequence) 
and, from that extension, obtains the following extension of Corollary 3.2. 

Theorem 3.3 ([26], Corollary 3.1). If the event A C {0,1, ... ,ky is 
increasing, then for all —oo < hi < h2 < oo , 

(13) P('*l)(^)(l - P^^'^\A)) < (£)('^2-?ll)c{/ll,/l2)/i<'2^ 

where K2 is a constant, e = supj sup/^g^/^^ /j^) ^'^H^O ^'^^ 
c{hi,h2)= inf min -^/^('^)({j,...,/c}). 

h£[hi,h2] l<3<k ah 

Remark. In fact, Corollary 3.1 in [26] is somewhat sharper (see the 
remark at the end of Section 3 in [26]), but Theorem 3.3 is sufficient for our 
purposes. 

3.2. Mixing property. In this subsection, we show that random variables 
(7t,,f gZ^ that satisfy properties (i)-(iv) in Section 2.1 have certain, very 
convenient, spatial mixing properties. 

We say that a vertex v is I determined (w.r.t. the X configuration) if 
Xi-^ (v),. . . , X^ (v) determine cr„. A set of vertices W is said to be I determined 
if every v (^W is I determined. From property (ii) in Section 2.1, we have 

P^^\W not / determined) <\W\ m.axP^'^\v not / determined) 

(14) ^ 

with Co as in property (ii). 

The distance between two subsets U,V C'Z'^ is defined as min^gf/.^gy \\u — 
v\\. 

Lemma 3.4. Let k be a positive integer and let U and V he finite subsets 
of 1? that have distance larger than k to each other. Let A be an event that 
is defined in terms of the random variables av,v (zU and B an event that is 
defined in terms of the random variables a^,v € V. Then, with a and 7 as 
in properties (ii) and (iii) from Section 2.1, 

(15) |pW(A n i?) - pW(^)pW(i?)| < 2{\U\ + 1^1)^^^- 



Proof. Let A be the event Ar\{U is [afcj determined} and 13 the event 
B n {V is \_ak\ determined}. Note that for each vertex v and each integer 
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I, the event that v is / determined depends only on the random variables 
, . . . , . This, property (iii) in Section 2.1 and the fact that U and V 

have distance larger than k collectively imply that A and B are independent: 

(16) P^''\AnB) = P^''\A)P'-''\B). 
Further, using (14), 

(17) P^^\A\A)<P^^\U not \ak\ determined) < \U\ , 
and, similarly, 

(18) P^^\B \B)< P(^)(y not [ak\ determined) < \V\ ^° 



[aA;J2+7- 

From (16)-(18), Lemma 3.4 follows straightforwardly. □ 

3.3. Positive association. The next lemma concerns positive association. 



Lemma 3.5. The system {ay,v G Z^), described in Section 2.1, is pos- 
itively associated. That is, for all increasing (in terms of the a variables) 
events A and B, P^^) {Ar\B)> P^^) {A)P^^^ {B) . 

Proof. The random variables (Xj, i € /) are independent {0, 1, . . . , A;}- 
valued random variables and hence, by FKG (or, in this special case, Harris' 
inequality for positive association), positively associated. Since the a vari- 
ables are increasing functions of the X variables, the statement of the lemma 
follows. □ 

Remark. Note that the C7^,u € do not necessarily satisfy the strong 
FKG condition. 

3.4. RSW properties. As stated in the Introduction, Bollobas and Rior- 
dan (see Theorem 4.1 in [8]) obtained a new RSW- like result for the Voronoi 
percolation model. The conclusion of their RSW theorem is weaker than that 
of the classical RSW theorem, but its proof is more robust: it does not (like 
the proof of "classical" RSW) involve conditioning on the lowest crossing. 
It works, as they pointed out, not only for the Voronoi model, but also for a 
large class of percolation models. In fact, the conditions are as follows (see 
[9] and Section 4.3 in [4]): 

(a) crossings of rectangles must be defined in terms of "geometric paths" 
in such a way that (e.g.) horizontal and vertical crossings meet (this enables 
the often-used tool of pasting together paths to be used); 
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(b) certain increasing events (in particular, events of the form that there 
is a + path between two given sets of vertices) must be positively correlated; 

(c) the distribution of the random field {cr^,v G I?) should be invariant 
under the symmetries of Z^; 

(d) finally, certain mixing properties are needed. 

The model in Theorem 2.2 satisfies the above conditions: as for (a), these 
are simply well-known properties for percolation on the square lattice and 
its matching lattice, and have nothing to do with the distribution P^'^\ As 
for (b) and (c), these are taken care of by Lemma 3.5 and by property 
(iv) in Section 2.1, respectively. Finally, as for (d), the following property 
(here formulated in our notation) is more than enough (see Remark 4.5 
in [4]): for each e > 0, there is an / such that for all k > I, all k by 2k 
rectangles Ri and R2 that have distance larger than k/100 to each other 
and all events A and B that are defined in terms of the random variables 
{av,v G Ri) and the random variables (o"t,,u G R2), respectively, \P^^\A n 
B) — P^^\A)P^^\B)\ < e. For our model, this is immediately guaranteed 
by Lemma 3.4. Hence, our model belongs to the class of models mentioned 
above. 

For this class of models, the Bollobas-Riordan RSW-like theorem says 
that if the liminf , as s — > 00, of the probability of having a horizontal crossing 
of the box [0,s] x [0,s] is positive, then for every p > 0, the limsup^^^o of 
the probability of a horizontal crossing of the box [0, ps] x [0, s] is positive. 

It is pointed out in [4] that small modifications of the proof of Theorem 4.1 
in [8] in fact give the stronger result (for the same class of models as described 
above) that if for some p> 0, the limsupg^o^ of the probability that there 
is a horizontal crossing of the box [0,/9s] x [0,s] is positive, then this holds 
for all p> 0. (Note the occurrence of limsup and liminf.) Or, equivalently, 
if for some p, limcj^oo of the probability that there is a horizontal crossing 
of the box [0,ps] x [0, s] equals 0, then this limit equals for every p > 0. 
As remarked above, our current percolation model satisfies the required 
properties. So we get the aforementioned RSW result. Before we state this 
explicitly, we introduce the following notation. Let H{n,m) [resp. V{n,m)] 
denote the event that there is a horizontal (resp. vertical) + crossing of the 
box [0,n] X [0,m]. Further, let H~*{n,m) and V~*{n,m) be the analogs of 
H(n,m) and V{n,m) for — crossings in the * lattice. In this notation, the 
above mentioned RSW-like statement is as follows. 

Lemma 3.6. (a) // 

lim P^^^ (H(pn, n)) = for some p> 0, 
n— >oo 

then 

lim P^''\H{pn, n))=0 for all p>0. 
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(b) The analogous result, with H replaced by H~* , also holds. 

Note that since a box either has a horizontal + crossing or a vertical 
— * crossing (and using rotation symmetry), we have that for each k and I, 
P^^\H{k,l)) = 1 - P^^\H-*{l,k)). Combining this with Lemma 3.6 imme- 
diately gives the following corollary. 

Corollary 3.7. (a) // 

lim P^^\H(pn,n)) = 1 for some p> 0, 

n— »oo 

then 

\mi^P^^\H{pn,n)) = l forallp>0. 
(b) The analogous result, with H replaced by H"* , also holds. 

3.5. Finite-size criterion. 

Lemma 3.8. There is ani > and an integer N such that for all N > N, 
the following hold: 

(19) (a) ifP^''\V{3N,N))<i, 
then the distribution of \C~^\ has an exponential tail; 

(20) (b) if P^''\V~*{3N,N)) <e, 
then the distribution of \C~*\ has an exponential tail. 

Proof. The proof below follows the main line of reasoning in the proof 
of the analogous well-known result for ordinary percolation (see [19]). Let 
N and e be such that P^''\V {3N , N)) < e. Cover by squares 

Qiy{x):=Nx + [0,Nf, x^I?. 

We will often simply write Qn for <5Ar(0). 

We say that an x G is good if Qn{x) contains a vertex of C"*". A set 
W (Zl? IS called good if every x E is good. Let S denote the set of good 
vertices. From the definition of "good," it is easy to see that S is a connected 
subset of the square lattice and that G S unless = (in which case, 
also 5 = 0). It is also clear that \S\> \C^\/\Qn\ and hence that 

(21) PW(|C+| > n) < {\S\ > , n = 1, 2, . . . . 

Let, for X G Z^, i?i(x) denote the 3N x N rectangle "north" of Qn{x). 
More precisely. 



Ri{x) := Nx + [-N, 2N] x [N, 2N]. 
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Similarly, let R2{x) be the 3A^ x N rectangle south of Qn{x) and let R^{x) 
and Ri{x) be the x 3A^ rectangles east, respectively west, of Qn{x). 

Define, for each x € Z^, the following event (where "easy" stands for "ver- 
tical" in the case of a 3A^ x rectangle and for "horizontal" in the case of 
an N X 3iV rectangle): 

Ax := {3i S {1, ... ,4} such that Ri{x) has a + crossing in the easy direction}. 

It is standard (and easy to check) that for all (except a finite number, say 
Ci) rc G Z^, the following inclusion of events holds: 

(22) {x is good} C 

Let R{x) =[Ji=iRi{x). Recall the definition of "Z determined" in Section 
3.2. We trivially have 

(23) Ax C Bx, 
where 

Bx := {Ax n {R{x) is determined}) U {R{x) is not determined}. 
We then get 

P^^\Bx) < P^^\Ax) + P^^\R{x) is not A^ determined] 
< 4e + |/2(0)| maxP('')(x is not A^ determined) 

(24) 

<4e + C2Ar2 



iV2+7 

<4e + C3(A^), whereC3(A^)^0as AT^cx) 

and where the first inequality is trivial, the second follows from our choice 
of A^ and e, the third follows from (14) and C2 is a constant. 

Let a be as in property (iii) in Section 2.1. It is easy to see that there is a 
constant C4 = C4,{a) such that for every finite set of vertices x(l), . . . ,x{m) 
satisfying mini<j<j<m \\x{i) — x{j)\\ > 6*4(0), the events i?x(j), 1 <i <ni, are 
independent. 

From this [and (22)-(24)], it follows easily that there exist a C^{a) and 
CqIu) such that for every finite set of vertices W, 

PW(VF is good) < (4e + C3(Ar))L(l^l-^^)/^s(°)J 

(25) 

<* (4e + C3(Ar))l^l/^«("\ 

where the mark * in the last inequality means that inequality holds for all 
values of that are sufficiently large. 

We now apply this to (21). To do this, note that if\S\ >n/\Qi\f\, then there 
is a good lattice animal W of size Lj^^J • lattice animal is a connected 
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set of vertices containing 0.) Using this, (21), (25) and the fact that there is 
a constant Cj such that the number of lattice sites of size k is at most , 
we get 

P^^\\C+\ >n)< d^/l^'^IJ (4e + C3(Af))L"/l'3^IJ/^«(") 

(26) 

< (e, iV) [(C7 (4e + C3 (iV) ) ^Z^" '^'^ ' ] • 

Now, take e and N such that C7(4e + C3(iV))i/^6(a) < 1 for all > iV [which 
can be done since Cz{N) ^ as — 00] . From (26), it follows that for this 
choice of e and N , the statement in part (a) of Lemma 3.8 holds. By exactly 
the same arguments (and, if necessary, by decreasing, resp. increasing, the 
values of i and N obtained above), part (b) also follows. □ 

From the above lemma, we easily get the following. 

Corollary 3.9. Let i and N he as in Lemma 3.8. 

(a) If there is ann>N with pW(y(3n,n)) < e, then pW(|C~*| = 00) > 

0. 

(b) // there is an n > N with pW(y-*(3n,n)) < e, then pW(|C+| = 
00) >0. 

Proof. We only prove part (a) here; the proof of (b) is completely 
analogous. If the condition of Corollary 3.9 holds, then by Lemma 3.8, the 
distribution of \C^\ has an exponential tail. Exactly as in the Peierls argu- 
ment in ordinary percolation (see, e.g., [13]), this implies that the probability 
that there is a + circuit having in its interior is less than 1 and hence that 
pW(|C-*| = 00) >0. □ 

Lemma 3.10. // P^'^^dC+l = 00) > 0, then P'^''\\C-*\ = 00) = 0. 

Proof. There are various standard ways to prove this. One is as fol- 
lows. The law of {(7i,,v S Z^), is positively associated (by Lemma 3.5), 
translation invariant, invariant under horizontal axis reflection and verti- 
cal axis reflection [property (iv) in Section 2.1] and mixing (in the ergodic- 
theoretic sense, w.r.t. horizontal translations as well as to vertical transla- 
tions). The last follows from Lemma 3.4. Hence, by the main result in [11], 
pW(|C-*| = 00) = 0. □ 

4. Proof of Theorem 2.2. We use the notation 9{h) for p('')(|C+| = 00) 
and 9~*{h) for pW(|C-*| = 00). Let 

he :=sup{h:e{h)=0}. 
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It is quite easy to see that < oo. Take n> N with N defined as in 
Lemma 3.8. From properties (b), (i) and (iii) in Section 2.1, it follows that for 
ah V € I?, P^^\ay = +1) ^ 1 as /i ^ cx) and hence that P^^\H{'in,n)) 1 
as /i ^ oo, which is equivalent to P^^^(y~*{2>n,n)) ^ as /i ^ oo. So, there 
IS an h such that pW(V-*(3n, n)) < e with £ as in Corollary 3.9. By part (b) 
of that corollary, 9{h) > for such h. Hence, we indeed have that he < oo. 
Using analogous arguments, it follows that h^. > — oo. 

Proof of Theorem 2.2. We now start with the proof of part (a) of 
Theorem 2.2, where we will use the following notation. B{n) denotes the 
square [— n,n]^ and dB{n) its boundary [the set of all vertices v that are 
not in B{n), but for which there is a it; G B{n) with \\v — w\\ = 1]. For n <m, 
A{n,m) denotes the annulus B{m) \ B{n). For v ^T? and n ^ N, B{v;n) 
will denote the set B{n) shifted by v. 

Let h be larger than the above-defined he- So, P^^\\C^\ = oo) > 0. We 
will first show that 

(27) P^^\H{n,n))^l as n—KX). 

This is done in a quite standard way. Let 5 > 0. Take K sufficiently large 
that 

(28) P^^\B{K) <-5- oo) > 1 — 5. 
By Lemma 3.10, we can take N > K so large that 

(29) P'^^\3 a + circuit in A{K, N) surrounding B{K)) > 1 - 6. 

For all n> N , the following holds. First, by (28), we have, of course, that 
p(^^(^B(K) ^ dB{n)) > 1 — (5. Since our model has the positive association 
property (see. Lemma 3.5), we can apply the usual "square root trick" (see, 
e.g., [13]), which gives ilisX P'^^\B{K) r{B{n))) > 1 -d^/^, where r(5(n)) 
denotes the right-hand side {n\ x [— n,n] of B{n). By this and its analog 
for the left side l{B{n)) of B(n), together with (29) (and again positive 
association), we get, for all n> N, 

P^^\H{n,n)) 

(30) > P^^'\B[K) ^ r{B{n)),B{K) ^ l{B{n)),+ circuit in A{K,n)) 
>{l-5^/^)\l-5). 

Since we can take 6 arbitrary small, (27) follows. 

Application of Corollary 3.7 now gives that P(^)(i7(3n,n)) ^ 1 as n — > oo 
and hence that P^^\V~*{Zn,n)) as n — > oo. 

Finally, by part (b) of Lemma 3.8, this implies that the distribution of 
|C~*| has an exponential tail. This completes the proof of Theorem 2.2(a). 
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It is important to note that part (b) of the theorem cannot simply be 
concluded by replacing "+" by "— *" (and vice versa) in the arguments 
above. The problem is that our definition of he in the beginning of the 
proof is "asymmetric." If we could show that the above defined he is equal 
to mf{h: P^^\\C~*\ = 00) =0} or, equivalently [since we already know, by 
Lemma 3.10, that there is no h for which both 0(h) > and 9~*{h) > 0], 
that 9~*{h) > for all h < he, we would be able to conclude (b) by exchang- 
ing + and — * in the arguments of (a). Below, it will be shown, using the 
approximate zero-one laws in Section 3.1, that, indeed, 9~*{h) > for all 
h < he- 

Proof of (b). Suppose there is an hi < he with 6~*{hi) = 0. We will show 
that this leads to a contradiction. Let h2 G {hi, he) - Then, for all h &[hi, /12], 
by monotonicity [see properties (a) and (i) in Section 2.1], 9{h) = 9~*{h) = 0. 
Let H{n,m) and H~*{n,m) be the box-crossing events defined in Section 
3.4. Since 0"'" = on [hi,h2\, we have, by Corollary 3.9 (b) [noting that 
pW(y-*(3n,7i)) = 1 - pW(F(3n,n))], that 

(31) V/iG [/ii,/i2] Vn>iV P^^\H{?,n,n))<l-£ 

with e and N as in Lemma 3.8. 

On the other hand, P^^^\H{n,3n)) = P^^^\V{3n,n)), which [again by 
Corollary 3.9 and because 9~*{hi) = 0] is at least e for all n>N. Hence, by 
Lemma 3.6, 

limsupP(''i)(F(3n,n)) > 0. 

Using this, monotonicity and (31), it follows straightforwardly that there is 
a 5 £ {0, 1) and an infinite sequence ni < n2 < "^3 < • • • such that 

(32) P^^\H{3ni,n^)) (£{6,1- 5) for all i and ah h G [/ii,/i2]. 

To reach a contradiction, we will show that the sequence (en), defined by 
en:= sup pW((/7(3n,n)),), 

jel,he[hi,h2] 

satisfies 

(33) e„ ^ asn— >oo, 

where, as before (Section 3.1), Aj denotes the event that j is an internal 
pivotal index for the event A. 

Remark. It is important to note that, here, we do not (as in ordinary 
percolation and in Higuchi's treatment) consider pivotality in terms of the 
vertices of the lattice (the indices of the a variables), but in terms of the 
indices of the underlying X variables [i.e., in the special case of the Ising 
model, the space-time variables Yy{t) in Section 2.2.1, which control the 
updates in the dynamics]. 
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We will first show that (32) and (33) indeed give a contradiction. By 
Theorem 3.3 we have, for alH = 1, 2, . . . , 

with e„. as defined above. 

By (33), the right-hand side in this last inequality goes to as n ^ oo. 
However, for all i, the left-hand side is at least 5^ by (32) — a contradiction. 

So, part (b) of the theorem is proved once we prove (33), which we will 
do now. In the following, X stands for the collection of random variables 

Note that, by the definition of internal pivotal, 
(34) P^^\{H{37i, n))j) = P{X G H{3n, n), X^^^ ^ H{3n, 7i)), 

where X^^^ is the element of {0, . . . , ky that satisfies ^P'* = Xi for all i ^ j 
and x!j^^ = 0. 

Now, recall that for each v £7?, we have the sequence ii{v),i2{v), . . . 
introduced in property (ii) of Section 2.1. We will use the following termi- 
nology. If im{v) = j, we say that j has rank m for v. If j does not occur at 
all in the sequence ii{v),i2{v), . . . , we say that the rank of j for v is infinite. 
The rank of j for v will be denoted by ry{j). Suppose that r^(j) = m. Then 
we say that v needs j if (Xj^(^),Xj2(t,), . ■ . ,Xi^_-^{v)) does not determine a^. 

Let be a vertex in the box [0, 3n] x [0, n] . We use the notation H{3n, n; v) 
for the event that u is on a horizontal + crossing of that box. Using the 
terminology and observation above, we have that the right-hand side of (34) 
is at most 

P{3v € such that X G H{3n, n; v), but X^^^ ^ H{3n, n; v)) 

< J2 ^ ^(3^^, n; v),X^^^ ^ H{3n, n; v)) 

< P^ '{H{3n,n;v),v needs j) 

< mm{P'^''\H{3n,n;v)),P'-'^\v needs j)). 

Further, note that if is on a horizontal + crossing of the rectangle 
[0,3n] X [0,n], there must be a + path from v to dB{v;n). By this, and 
translation invariance [property (iv) of Section 2.1], the first of the two 
probabilities in the expression in the summand in the last line of (35) [i.e., 
P^^\H(3n,n;v))] is at most P^^\0 dB{n)), which, by monotonicity, is, 
of course, at most P^^^\0 ^ dB{n)). Let us denote this last probability by 
f{n). Also, note that property (ii) of Section 2.1 states that 



SHARPNESS OF PERCOLATION TRANSITION 



23 



These considerations imply that the last line of (35) is, for each positive 
integer K, at most 

(36) /(n) X |{. E : r.(j) < K}\ + Co EJ-^j^^^^^^^ ■ 

Consider the set in the first term in (36). Let u and w be two vertices which 
both belong to this set. That is, r^ij) < K and r^ij) < K hold and hence the 
sets {zi(u), . . . , i/<(u)} and {ii{w), . . . ,iK{w)} have nonempty intersection. 
It follows from property (iii) of Section 2.1 that \\v — w\\ is at most K/a. 
Hence, the set under consideration has diameter < K/a. The cardinality of 
this set therefore satisfies 

(37) \{y^z'':n,{j)<K}\<^^ 

for some constant Cg. 

Prom this [and using the fact that [k — 1)^^''' is decreasing in k], it is easy 
to see that the sum in (36) satisfies 

\{v-rvij)=k}\ Cio ^ Cio 

k=K ^ ' fc=K+l 

for some constant C^q. 

Note that in (36), we are free to choose K. In the following, we let Kiji) 
be the largest integer k for which 

C79A;2 1 



< 



a2 - ^) 

Taking together (34)-(38) we get, choosing K = K{n) in (36), 
(39) pW((i/(3n,n)),)</(n)^ + -^^+ 



Note that the right-hand side of (39) does not depend on j and /i, and 
[since /(n) — > as n — > oo, 7 > and K{n) ^ cx) as n — > 00] goes to as 
n — > 00. This proves (33) and thus completes the proof of the first statement 
in part (b) of the theorem. The second statement of part (b) now follows in 
exactly the same way as its analog in (a). □ 
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